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Abstract
In this paper, we investigate the differences between weak second
maximal subgroups and second maximal subgroups. A sufficient and
necessary condition is also given to describe a class of groups whose
weak second maximal subgroups coincide with its second maximal
subgroups(called WSM-groups) under the solvable case. As an ap-
plication, we will prove that every non-vanishing element of a solvable
WSM-group lies in its Fitting subgroup.
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1 Introduction
All groups considered in paper are finite.
Recall that an element x of a group G is said to be the non-vanishing
element of G if χ(x) 6= 0 for all χ ∈ Irr(G), where Irr(G) is the set of all
irreducible complex character of G. It is clear that every central element of
a group is non-vanishing. However, as the authors point out in [4], not only
may a non-vanishing element of a group be noncentral, it can even fail to
lie in an abelian normal subgroup of the group. For all that, I. Issacs, G.
Navarro and T. Wolf prove that every non-vanishing element of odd order
in a solvable group must always lie in a nilpotent normal subgroup of the
∗The research of the work was partially supported by the National Natural Science
Foundation of China(11771271).
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group (see Theorem D in [4]). They also conjecture that every non-vanishing
element of a solvable group G is contained in F(G), the Fitting subgroup
of G. In this paper we find a sub-class of solvable groups, which is called
solvable WSM -groups. We can prove that:
Theorem A. Let G be a solvable WSM-group and x is a non-vanishing
element of G. Then x ∈ F(G).
Now we introduce WSM -groups, which also has its independent meaning
since WSM -groups can be regard as a generalization of supersolvable groups.
Let H be a proper subgroup of a group G. We denote by Max(G,H) the set
of all maximal subgroups of G containing H . A proper subgroup H of G is
called a second maximal subgroup of G if H is a maximal subgroup of every
member of Max(G,H), and we say H is a weak second maximal subgroup of
G if H is a maximal subgroup of some member of Max(G,H).(See equivalent
definitions in [2])
It is clear that a second maximal subgroup must be a weak second max-
imal subgroup. However, the converse is not true in general. For instance,
H = 〈(12)〉 is a weak second maximal subgroup of G = S4 but it is not a
second maximal subgroup of G. It is natural to ask what will happen for
a group G if every weak second maximal subgroup of G is a second max-
imal subgroup of G? For this purpose, we should investigate the differences
between weak second maximal subgroups and second maximal subgroups.
Theorem B. Let G be a solvable group and H be a weak second maximal
subgroup of G. Then there exists at most one member X of Max(G,H) such
that H is not maximal in X.
Theorem B does not hold for the non-solvable case and the counter-
example will be shown in Section 2. For convenience, we say a group is
a WSM -group if its every weak second maximal subgroup must be a second
maximal subgroup. Our next result will show a equivalent condition for solv-
able WSM -groups so that we may use it to prove Theorem A. Our original
motivation is the problem on chief factors of WSM-groups proposed in [5,
Problem 19.54].
In order to state our theorem, we make the following non-standard defin-
ition about modules. Let G be a group and V be a G-module. We call an
irreducible G-module V strongly irreducible if G = 1 or V is an irreducible
M-module for every maximal subgroup M of G. A chief factor H/K of G is
called non-Frattini if H/K 
 Φ(G/K).
Theorem C. Let G be a solvable group. Then the following statements are
equivalent:
2
(a) G is a WSM-group;
(b) Every non-Frattini chief factor of G, as a G-module, is strongly irre-
ducible.
2 The proof of Theorem B
The following lemma is for the general case.
Lemma 1. Let G be a group and let H be a subgroup of G. If there exist
M,X ∈ Max(G,H) such that H is maximal in M but not maximal in X,
then HG =MG.
Proof. It is clear that we may assume HG = 1. If MG 6= 1, then we may take
a minimal normal subgroup N of G such that N ≤ MG. Since HG = 1, we
see N 
 H and therefore NH =M by the maximality of H inM . Thus H ≤
H(X ∩N) = X ∩M < M . The maximality of H in M implies H = X ∩M
and so X ∩N ≤ H . Thus N 
 X and G = NX. Consider the natural group
isomorphism ϕ from NX/N to X/X∩N defined by ϕ(xN) = x(X ∩N) with
x ∈ X. Noticing that HN/N = M/N is maximal in G/N = XN/N , we see
H/X ∩ N = H(X ∩ N)/X ∩ N = ϕ(HN/N) is maximal in ϕ(XN/N) =
X/X ∩N . It follows that H is maximal in X, a contradiction. Thus MG = 1
and the lemma is true.
Proof of Theorem B. It is clear that we may assume HG = 1 and that H is
maximal in M for some member M ∈ Max(G,H). Assume that there are
X1, X2 in Max(G,H) such that H is not maximal in Xi for i = 1, 2. Our
aim is to prove that X1 = X2. Since H 6 M ∩Xi < M for i = 1, 2, we see
H =M ∩Xi by the maximality of H in M .
It follows from Lemma 1 thatMG = 1 and G is a solvable primitive group.
By [1, Theorem A.15.2(1)], there exists an unique minimal normal subgroup
S of G such that G = SM and S ∩M = 1. If S 
 X1, then G = X1S and
X1 ∩ S = 1 since S is an abelian minimal normal subgroup of G. Consider
natural isomorphisms between M and MS/S and between X1S/S and X1.
Noticing that HS/S is maximal in MS/S = G/S = X1S/S, we see H is
maximal in X1, in contradiction to the choice of X1. Thus we may assume
that S 6 Xi for i = 1, 2, and therefore Xi = Xi ∩ SM = S(Xi ∩M) = SH ,
which implies that X1 = SH = X2, as desired.
Remark 2. Theorem B does not hold if we remove the solvability of G. In
fact, let A = Ap, B = Ap−1, the alternating groups of degree p and p − 1,
where p is a prime greater than 5. Here B can be viewed as a maximal
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subgroup of A. Now set G = A×A. Then X1 = A×B and X2 = B×A are
maximal subgroups of G. Also set the diagonal groups
M = {(x, x)|x ∈ A} and H = {(x, x)|x ∈ B}.
Since A,B are non-abelian simple groups, it follows from Theorem [3, The-
orem 1.9.14] that M is maximal in G and that H is maximal in B × B =
X1 ∩X2 < Xi. It is easy to see that Xi ∈ Max(G,H) and H is not maximal
in Xi for i = 1, 2. Also H is maximal in M since |M : H| = |A : B| = p.
Thus H is a weak second maximal subgroup of G but not a second maximal
subgroup of G.
3 The proof of Theorem C
Recall that an irreducible G-module V is strongly irreducible if G = 1 or V
is also an irreducible M-module for every maximal subgroup M of G. It is
clear that V is an irreducible (reducible) G-module if and only if V is an
irreducible (reducible) G/N -module whenever N is a normal subgroup of G
contained in CG(V ). Now we begin with the following lemma.
Lemma 3. Let G be a group and V be a G-module. Suppose that N⊳G and
N 6 CG(V ). Then V is a strongly irreducible G-module if and only if V is
a strongly irreducible G/N-module.
Proof. If V is a strongly irreducible G-module, then it is clear that V is
an irreducible G/N -module. Now we may assume that G/N 6= 1 and so
G 6= 1. IfM/N is a maximal subgroup of G/N , thenM is maximal in G and
therefore V is an irreducible M-module. It follows immediately that V , as
M/N -module, is irreducible. Hence V is a strongly irreducible G/N -module.
Conversely, if V is a strongly irreducible G/N -module, then it is clear
that V is an irreducible G-module. Now we may assume that G 6= 1 and
M is a maximal subgroup of G. Then MN = M or MN = G by the
maximality of M , which implies that MN/N =M/N is maximal in G/N or
MN/N = G/N . Thus V is an irreducibleMN/N -module and immediately V
is an irreducibleM-module. Hence V is a strongly irreducible G-module.
Proof of Theorem C. Assume G is a WSM -group and that N/L is a non-
Frattini chief factor of G. If N = G, then N/L has prime order and is an
irreducible U–module for all U ≤ G; whence N/L is strongly irreducible.
Now we assume that N < G. As N/L is not in Φ(G/L), there exists a
maximal subgroup M/L of G/L such that N/L is not contained in M/L.
By the maximality of M in G and the solvability of G; we have that N/L
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is abelian, NM = G and N ∩M = L. Note that M/L 6= 1 as N < G. If
there exists a maximal subgroup H/L of M/L that does not act irreducibly
on N/L; then there exists an H-invariant subgroup J/L of N/L with L <
J < N . Then H < JH < NH < NM = G while H is a maximal subgroup
of a maximal subgroup of G. This implies that G is not a WSM -group,
contradicting the hypotheses. Hence Statement (b) is proved.
Conversely, we show that Statement (b) implies Statement (a). Now as-
sume that H is a weak second maximal subgroup but not a second maximal
subgroup of G. Then there existM,X ∈ Max(G,H) such that H is maximal
in M and not maximal in X. Lemma 1 implies that HG = MG, written
by U . Then M/U is a core-free maximal subgroup of G/U . By [1, The-
orem A.15.2(1)], there exists an unique minimal normal subgroup V/U of
G/U such that G = VM and V ∩M = U . Observe that X/U is also a max-
imal subgroup of G/U . If V 
 X, then G = V X and V ∩X = U . Since H/U
is maximal in M/U , we have HV/V is maximal in MV/V = G/V = XV/V .
It follows that H is maximal in X, a contradiction. Thus we may assume
that V 6 X, and so X = V (X∩M) = V H . Since V/U is a non-Frattini chief
factor of G, by the hypothesis, V/U is a strongly irreducible G-module. It
follows from Lemma 3 that V/U is a strongly irreducible G/V -module since
V 6 CG(V/U).
Observe that the action of G/V on V/U and the action of M/U on V/U
are equivalent. Thus, by hypothesis, V/U is a strongly irreducible M/U -
module. The maximality of H/U in M/U implies that V/U is an irreducible
H/U -module. It follows that H/U is maximal in HV/U = X/U and there-
fore H is maximal in X, in contradiction to the choice of H and X. Thus
Statement (a) holds and the theorem is proved.
Remark 4. It is clear that every one-dimensional module must be strongly
irreducible. Thus, by Theroem C, every supersolvable group is a WSM -
group. However, the converse is generally not true. For example, if V is
an elementary abelian 3-group of order 9 and α is a fixed-point-free auto-
morphism of V of order 8, then G = V 〈α〉 is not supersolvable but G is a
WSM -group. In this viewpoint, solvable WSM -groups can be regarded as a
generalization of supersolvable groups.
4 The proof of Theorem A
Recall that V is a quasi-primitive G-module if VN is homogeneous for all
normal subgroups N of G.
Lemma 5. Every strongly irreducible module is quasi-primitive.
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Proof. Assume that a G-module V is strongly irreducible but not quasi-
primitive. Clearly G 6= 1. By Clifford’s Theorem, there is non-trivial de-
composition of V into a direct sum of subspaces V = V1 ⊕ ... ⊕ Vn (n > 1)
such that G permutes transitively on the set {V1, . . . Vn}. Do such decom-
position and make n as small as possible. In this case, NG(V1) is a maximal
subgroup of G and V is a reducible NG(V1)-module. This implies that V is
not a strongly irreducible G-module, contradicting the hypotheses.
The following result is the key to the proof of Theorem A. We refer the
reader to the paper [7] for more results about non-vanishing elements.
Lemma 6. [7, Theorem 2.1.] Suppose that V is a faithful quasi-primitive
G-module and there exists 1 6= x ∈ F(G) such that each element of V is
centralized by a G-conjugate of x. Then
(a) |V | = q2 for a Mersenne prime q and G = F(G) = P × S ⊆ Γ(V )
where S is cyclic of odd order and P is the Sylow-2-subgroup of Γ(V )
that is semi-dihedral of order 4(q + 1);
(b) |V | = 52 and F(G) = QZ for normal subgroups Q ∼= Q8 and Z ∼= Z4 of
G with Q ∩ Z = Z(Q) while G/F(G) ∼= Z3 or S3; or
(c) |V | = 34 and F(G) is isomorphic to a central product Q8Y D8 and
G/F(G) is isomorphic to Z5, D10, the Frobenius group F20, A5, or S5.
In all cases, x is an involution and for each non-zero v ∈ V , CF(G)(v) = 〈x
g〉
for some g ∈ G.
Let V be a G-module. Recall the action of G on its dual group Irr(V ),
the set of all complex characters of V . For any χ ∈ Irr(V ) and g ∈ G, define
χg by
χg(a) = χ(ag
−1
), a ∈ V.
Lemma 7. Let G be a group and V be a G-module. Then
(a) CG(V ) = CG(Irr(V )).
(b) If V is an irreducible G-module, then Irr(V ) is an irreducible G-
module.
(c) If V is a faithful strongly irreducible G-module, then Irr(V ) is a faithful
strongly irreducible G-module.
Proof. (a), (b) easily follow from the definition and [6, Proposition 12.1]. We
only prove (c). Suppose that V is a faithful strong irreducible G-module and
we may assume G 6= 1. We see that (a) implies that Irr(V ) is a faithful
G-module. For every maximal subgroup M of G, by hypothesis, V is an
irreducible M-module. It follows from (b) that Irr(V ) is an irreducible M-
module. Hence Irr(V ) is a strongly irreducible G-module, as desired.
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Proof of Theorem A. We work by induction on |G|. Apply induction on
G/Φ(G), we may assume Φ(G) = 1. Since G is solvable, by [1, The-
orem 13.8(b)], we write F(G) = K1× ...×Kr, where Ki is a minimal normal
subgroup of G and F(G) = ∩ri=1Ci, where Ci = CG(Ki). It suffices to prove
that x ∈ Ci for each i.
Since xCi is a non-vanishing element of theWSM -group G/Ci, by in-
duction, we have xCi ∈ F(G/Ci). Observe that Ki is a non-Frattini chief
factor of G. By Theorem C and Lemma 3, Ki is a faithful strongly irre-
ducible G/Ci-module. Thus, by Lemma 7(c), Irr(Ki) is a faithful strongly
irreducible G/Ci-module . It follows from Lemma 5 that G/Ci acts faith-
fully and quasi-primitively on Irr(Ki). Since x fixes some member of each
G-orbit of Irr(Ki) by [4, Lemma 2.3], we have that xCi fixes some member
of each G/Ci-orbit in Irr(Ki), i.e. every element of Irr(Ki) is centralized
by a G/Ci-conjugate of xCi. If x /∈ Ci, applying Lemma 6, xCi and G/Ci
satisfy the Conclusion (a), (b) or (c) of Lemma 6 and it is not difficult to
see that F(G/Ci) has an irreducible character θ such that θ(xCi) = 0 and
θ is G/Ci-invariant, which implies that each β ∈ Irr(G/Ci|θ) vanishes xCi.
Hence xCi is not a non-vanishing element of G/Ci. This is a contradiction
and so x ∈ Ci, as desired.
Acknowledgements. The authors would like to thank the referee for
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